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Synchronization is a widespread phenomenon observed in physical, biological, and social networks,
which persists even under the influence of strong noise. Previous research on oscillators subject to
common noise has shown that noise can actually facilitate synchronization, as correlations in the
dynamics can be inherited from the noise itself. However, in many spatially distributed networks,
such as the mammalian circadian system, the noise that different oscillators experience can be ef-
fectively uncorrelated. Here, we show that uncorrelated noise can in fact enhance synchronization
when the oscillators are coupled. Strikingly, our analysis also shows that uncorrelated noise can
be more effective than common noise in enhancing synchronization. We first establish these results
theoretically for phase and phase-amplitude oscillators subject to either or both additive and mul-
tiplicative noise. We then confirm the predictions through experiments on coupled electrochemical
oscillators. Our findings suggest that uncorrelated noise can promote rather than inhibit coherence
in natural systems and that the same effect can be harnessed in engineered systems.
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Synchronization, the phenomenon in which oscillators
in a population evolve in step with each other, occurs
because of interactions or common driving forces among
oscillators. Influences from outside an oscillator network
can often be treated as noise, which is usually expected
to inhibit synchronization. Indeed, small noise can result
in a disproportionately large degree of asynchrony in net-
works of nonlocally coupled oscillators [1]. In other con-
texts, while network disorder can improve synchronous
parallel processing performance [2], noise has also been
found to limit the permissible time delays in communi-
cations for network synchronizability and hinders paral-
lel performance [3]. Still, numerous biological systems—
such as neural networks [4–6], ecological communities [7],
and the cardiac and cardio-respiratory systems [8, 9]—
and engineered systems—such as arrays of Josephson
junctions [10], lasers [11], and nanoelectromechanical de-
vices [12]—exhibit robust synchronization even under the
influence of noise.
Previous theoretical and experimental observations
have demonstrated that common noise (in which indi-
vidual oscillators experience a shared noise term) can ac-
tually induce rather than inhibit synchronization [13, 14].
The understanding behind this phenomenon can be
traced back to the study of coherence resonance, in which
noise leads to greater temporal order in systems with ir-
regular oscillations [15, 16]; to stochastic resonance [17],
which has been used to reduce the threshold to detect tac-
tile stimuli in human sensory perception [18]; and to the
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FIG. 1. Schematics of the main effect. Coupled oscillators
experiencing uncorrelated noise exhibit more synchronous dy-
namics than those subjected to common noise or no noise.
This behavior is distinct from those previously observed in
oscillator models that synchronize due to large coupling or in
response to specific forms of common noise.
effects of common driving in synchronizing chaotic or dis-
ordered systems [19, 20] as well as the synchronizing ef-
fects of periodic driving with a spatially-dependent phase
[21]. Synchronization induced by common noise has since
been studied in a variety of oscillator networks [22–24].
Here, we establish the alternative scenario shown in
Fig. 1 in which the dynamics are more synchronous in
the presence of uncorrelated noise than in the absence of
noise or even the presence of common noise. It seems in-
tuitive that uncorrelated noise would necessarily inhibit
synchronization since, unlike the common noise case, it
does not have inherent order. However, uncorrelated
noise is prevalent in many systems, and recent studies
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2suggest the potential for uncorrelated noise to have a
positive impact on synchronization. For example, cou-
pled neuronal networks subject to uncorrelated noise can
exhibit enhanced coherence across the networks while re-
ducing the coherence within each network [25]. Uncorre-
lated noise acting on a pair of oscillators has also been
shown to enhance the phase coherence of one oscillator at
the expense of the other [26]. Furthermore, uncorrelated
noise can promote untwisted phase-locked states over
twisted phase-locked states in small-world networks of
Kuramoto oscillators [27] and can stabilize an otherwise
unstable partially synchronized state in a globally cou-
pled model of oscillators with biharmonic couplings [28].
However, the question of whether uncorrelated noise can
enhance synchronization to a greater extent than com-
mon noise had so far remained open.
We establish our results for several forms of coupled
limit-cycle oscillators governed by
dxi
dt
= fi(xi) +
K
N
N∑
j=1
Aijh (xi,xj) +
n∑
k=1
gik(X)ξik, (1)
where N is the number of oscillators, xi denotes the
state of oscillator i (assumed to be m dimensional),
X = (x1,x2, · · · ,xN ) encodes the full state of the sys-
tem, fi describes the evolution of the isolated oscillators,
h is the coupling function between two oscillators, K is
the (tunable) coupling constant, and Aij are the entries
of the coupling matrix (assumed to be 1 if nodes i and
j are coupled and 0 otherwise). We include n sources
of noise determined by the state-dependent direction gik
and the random variable ξik, with 〈ξik〉 = 〈ξikξjl〉 = 0
for all i, j, k,and l 6= k. The ξik term represents mul-
tiplicative noise in the case that gik varies with X and
represents additive noise in the special case that gik is
constant.
We assume that in the absence of coupling (K = 0)
and noise (ξik = 0) the isolated node dynamics approach
a limit cycle xi(t) → xci (t), with xci (t) = xci (t + Ti),
where Ti is the period of oscillator i. We can always
define a phase variable θi(xi) for oscillator i that, when
restricted to the limit cycle, evolves as θi(t) = θi(0) +
ωit, where ωi = 2pi/Ti is the natural frequency. In the
presence of coupling, we consider the oscillators to be
more synchronized when their relative phase differences
are smaller on average. Following Kuramoto [29, 30],
we employ the order parameter R2 ≡ |(1/N)∑j eiθj(t)|2
as a measure of synchrony, where i is the imaginary unit.
The time-averaged order parameter R2 is closer to 1 when
oscillators are more synchronized and closer to 0 when the
oscillators are less synchronized. In the results below, we
say that noise enhances synchronization if R2 is larger
in the presence of noise than in the absence of noise.
We consider two broad forms of noise: common noise,
for which ξik = ξjk for all i, j; and uncorrelated noise,
for which ξik and ξjk are independent random variables
for all i 6= j. We are primarily interested in cases in
which uncorrelated noise enhances synchronization more
so than common noise.
Phase-reduced oscillators.—For weakly coupled oscil-
lators driven by weak noise, the phase-reduction approx-
imation can be applied to reduce the dynamics of Eq. (1)
to a Kuramoto-type model with noise,
dθi
dt
= ωi +
K
N
∑
j
Aij sin (θj − θi) + gi(θi)ηi. (2)
The various noise terms in Eq. (1) result in a single ef-
fective noise term gi(θi)ηi in the phase dynamics if, for
instance, they are all Gaussian variables with autocorre-
lations of the same functional form (as shown in Sec. S1
of the Supplemental Material [31]). The effective noise
ηi will be assumed to be Gaussian and white unless oth-
erwise noted, with intensity specified by a matrix Dij as
〈ηi(t)ηj(t′)〉 = Dijδ (t− t′), where δ is the Dirac delta
function. The function gi(θi), called the phase sensitiv-
ity function, arises because the effective noise acts on the
phase evolution with varying intensity depending on the
phase of the oscillator. In the case of common noise,
ηi = ηj for all i, j and all the elements of the noise inten-
sity matrix are identical, with Dij = σ
2/2 for σ denoting
the noise intensity. In the case of uncorrelated noise,
〈ηiηj〉 = 0 for i 6= j and the noise intensity matrix is
diagonal, with Dii = σ
2/2 for all diagonal elements.
We first consider the case of N = 2 phase oscillators
with gi(θi) = 1, so that the multiplicative noise in Eq. (1)
becomes additive in the phase approximation. By mov-
ing to a rotating frame, it is possible to take the mean
natural frequency equal to zero, so that, without loss of
generality, we can take ω1 = ∆ω/2 and ω2 = −∆ω/2.
In the absence of noise, the oscillators’ phases will drift
with respect to each other when the coupling strength K
is smaller than ∆ω, as characterized by their separation
angle φ ≡ θ2−θ1, while their mean angle Θ ≡ (θ1 + θ2) /2
remains a constant of motion. They become phase locked
as K increases above its critical value Kc ≡ ∆ω, ini-
tially with a separation angle φ = −pi/2. In the presence
of Gaussian white noise with constant phase sensitivity
and for any value of K, the evolution of the density of
an ensemble of systems ρ(φ,Θ, t) can be described by the
Fokker-Planck equation
∂ρ
∂t
=
∂
∂φ
[
(∆ω +K sinφ) ρ
]
+
σ2
2
[
∂2ρ
∂φ2
+
1
4
∂2ρ
∂Θ2
]
, (3)
where we have changed variables from θ1 and θ2 to φ
and Θ. Because Eq. (3) is autonomous with respect to
Θ and t, we can find steady solutions which are inde-
pendent of the mean phase Θ. Direct integration in this
case is possible using an integrating factor. After some
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FIG. 2. Solutions of the Fokker-Planck equation (3) for two phase oscillators subject to Gaussian white noise with constant
phase sensitivity gi(θ) = 1. (a) Steady ensemble density ρ0 in Eq. (4) as a function of the phase difference φ for the subcritical
coupling K/Kc = 0.95. (b) Time-averaged order parameter R2 as a function of the normalized coupling constant K/Kc. The
arrows in (a) and (b) indicate the change in the solutions as σ increases from zero to 2
√
∆ω, where the zero-noise case (thick
line) also corresponds to the case of common noise of any intensity. (c) Time-averaged order parameter R2 as a function of
the normalized noise intensity σ/
√
∆ω at the coupling constant K/Kc = 0.95, where the lines show the solutions from the
Fokker-Planck equation for uncorrelated noise (continuous) and common noise (dashed). The circles show the agreement with
the corresponding direct numerical simulations of Eq. (2).
simplification, the solution is
ρ0(φ)=A
∫ 2pi
0
dψ
[
1
exp (4pi∆ω/σ2)− 1 +H(φ− ψ)
]
×exp[2∆ω(ψ−φ)/σ2−2K(cosψ−cosφ)/σ2], (4)
for 0 ≤ φ ≤ 2pi, where A is a normalization constant and
H is the Heaviside step function.
Figure 2(a) shows how the steady ensemble density
ρ0 varies as the noise intensity varies in the case with a
subcritical coupling constant K = 0.95Kc. The ensem-
ble density, which is peaked near φ = −pi/2 in the ab-
sence of noise, widens and its peak shifts toward zero as
the noise intensity increases. The widening of the peak
represents a loss in one form of coherence, as the os-
cillator phases become less correlated, but the shifting
of the mean difference toward zero represents a gain in
a different form of coherence, as the oscillators spend
more time with similar phases. To assess the net im-
pact on synchronization, we consider the time-averaged
order parameter, which is determined from the steady-
state distribution as R2 =
∫ 2pi
0
cos2(φ/2)ρ0(φ)dφ. Figure
2(b) shows how the time-averaged order parameter varies
as the noise intensity varies. The sharp, phase-locking
transition at K = Kc is smoothed out as the noise in-
tensity increases. For subcritical coupling constants, the
order parameter initially increases with increasing noise
intensity, indicating an enhancement in synchronization
in response to uncorrelated noise that does not occur in
the case of common noise. This is illustrated in Fig. 2(c)
for the same K as in Fig. 2(a), but a qualitatively simi-
lar effect occurs for all subcritical cases and for coupling
constants just above the critical one. For large coupling
constants, the system is already strongly synchronized in
the absence of noise and thus synchronization is not fur-
ther enhanced by noise. Time averaging of trajectories
from direct numerical simulations of Eq. (2) (see Sec. S2
of the Supplemental Material [31]) agree extremely well
with the solutions derived from the Fokker-Planck equa-
tion, as illustrated in Fig. 2(c).
Phase-amplitude oscillators.—We have shown that
phase oscillators can exhibit enhanced synchronization
under uncorrelated noise but not under common noise,
assuming the noise and coupling terms are weak so that
the phase-reduction approximation applies. We next
consider the question of synchronization enhancement
in phase-amplitude oscillators experiencing strong noise.
As a prototypical example, we consider N = 2 coupled
Stuart-Landau oscillators each with m = 2 degrees of
freedom xi =
(
x
(1)
i , x
(2)
i
)
, which are conveniently repre-
sented as a complex variable zi(t) = x
(1)
i (t)+ix
(2)
i (t) and
evolve according to
dzi
dt
= Fi(zi)+
K
4
2∑
j=1
(ziz
∗
j −zjz∗i )zi+Gik(z1, z2)ξik, (5)
where Fi(zi) ≡ (1 + iαi)zi − (1− iγi)|zi|2zi describes the
intrinsic dynamics, αi and γi are constants, and ∗ denotes
complex conjugation. The cubic form of the coupling in
Eq. (5) is selected to result in the Kuramoto-type cou-
pling in the phase reduction, which facilitates compar-
isons below. In the absence of coupling and noise (when
K = 0, ξik = 0), the oscillators have a limit-cycle attrac-
tor zi(t) = ri(t)e
iθi(t), where ri(t) = 1, θi(t) = θi(0)+ωit,
and ωi = αi + γi.
Figure 3(a) shows the noise forces in the state
space of a Stuart-Landau oscillator for three forms
of noise determined by differing Gik. In each case,
the tangent of the noise force along the limit cy-
cle determines the phase sensitivity function in the
weak-noise regime for which the phase reduction would
hold. As we proceed with our analysis of the strong-
noise regime, it is instructive to compare with pre-
dictions for phase-reduced oscillators. The phase sen-
sitivity function in the phase reduction for Eq. (5)
takes the form gik(θi) =
∫ 2pi
0
dθj
[
Gik(e
iθ1 , eiθ2)e−iθi −
G∗ik(e
iθ1 , eiθ2)eiθi
]
/4ipi, where j 6= i [31].
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FIG. 3. Impact of noise on phase-amplitude oscillators.
(a) State space of a Stuart-Landau oscillator, indicating the
velocity field in the absence of noise and coupling (continuous
lines), the limit-cycle attractor (dashed circle), and the noise
forces (arrows). Three forms of noise are represented: Gaus-
sian white noise with Gi1 (vertical arrows), Gaussian white
noise with Gi2 (counterclockwise arrows), and Gamma dis-
tributed noise with Gi3, which acts in the direction of the
uncoupled velocity field (continuous lines) when the coupling
is small. (b)-(d) Time-averaged order parameter R2 as a func-
tion of the noise intensity σ for correlated (open circles) and
uncorrelated (filled circles) noise corresponding to Gi1 (b),
Gi2 (c), and Gi3 (d). The oscillator parameters are α1 = 1
and α2 = γ1 = γ2 = 0, and the coupling constant is K = 0.95,
which is subcritical.
Taking additive noise with Gi1(z1, z2) = i results
in multiplicative noise in the phase reduction with
a trigonometric sensitivity function gi1(θi) = cos(θi),
which is expected to induce synchronization under com-
mon noise. On the other hand, taking Gi2(z1, z2) = izi
results in additive noise in the phase reduction, with a
constant sensitivity function gi2(θi) = 1. Noise that is
modulated by the noiseless part of the dynamics, with
Gi3(z1, z2) = Fi(zi) + (K/4)
∑
j
(
ziz
∗
j − zjz∗i
)
zi, also re-
sults in additive noise in the phase reduction. We thus
expect, based on our results above for phase oscillators,
that uncorrelated noise will enhance synchronization but
common noise will not for Gi2 and Gi3 also in the unre-
duced system.
Figure 3(b)-(d) assess these predictions through direct
numerical simulations. For Gi1, common Gaussian white
noise enhances synchronization significantly, as antici-
pated above, but uncorrelated noise also enhances syn-
chronization to some extent. For Gi2, uncorrelated Gaus-
sian white noise enhances synchronization while common
noise does not, which once again agrees with the predic-
tion above. To assess if these predictions continue to hold
under non-Gaussian noise, we employed noise sampled
from Gamma distribution for Gi3, which is dominated
by brief, high-intensity bursts (see Sec. S2 of the Sup-
plemental Material [31]). It is interesting to note that,
while the enhancement for Gaussian cases are qualita-
tively similar to the phase approximation in Fig. 2(c),
in the non-Gaussian case, the enhancement continues to
grow with increasing noise intensity over the same noise
range.
In summary, while the synchronization enhancement in
Eq. (5) depends on specific noise features, uncorrelated
noise continues to enhance synchronization beyond the
phase-reduction approximation in cases where common
noise does not.
Electrochemical oscillator experiments.—To test
whether the effect described above can be observed in
real limit-cycle systems, we performed experiments on
coupled electrochemical oscillators. These oscillators,
detailed in Supplemental Material Sec. S3 [31] along
with sample experimental trajectories, are described by
m = 2 degrees of freedom, which represent the electrode
potential and the concentration of the electroactive
species in the vicinity of the electrode [32]. Unlike
Stuart-Landau oscillators, the limit cycle in this case
is not circular in the state space, and thus the phase
is a complicated function that we will not attempt to
describe analytically. The experimental system consists
of two such electrochemical oscillators coupled together
through a resistor and the shared fluid environment.
For statistical analysis, we create several realizations
of the experimental system, with each realization having
slightly different natural frequencies and being subject to
no noise, common noise, and uncorrelated noise. The ex-
periments are repeated for three levels of noise intensity,
and the time-averaged order parameter is measured for
each experimental run to assess synchronization. Figure
4 shows the statistical analysis for these experiments. We
find that for low noise intensity, there is no statistically
significant difference between the cases of no noise, uncor-
related noise, and common noise. For intermediate noise
intensities, uncorrelated noise enhances synchronization
significantly more so than common noise, confirming the
effect described above. For high noise intensity, common
noise exhibits a greater synchronization enhancement.
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FIG. 4. Electrochemical oscillator experiments with Gaus-
sian white noise added to the electrode potentials. (a)–
(c) Bar plots of R2 at three different noise intensities, where
D = 0.025 V for 14 realizations (a), D = 0.05 V for 22 re-
alizations (b), and D = 0.10 V for 10 realizations (c). Error
bars indicate the estimated errors in the means (i.e., the stan-
dard deviation normalized by the square root of the number
of realizations), and the arrows between bar plots go from the
smaller mean value to the larger mean value with percentages
indicating the confidence from a paired t test.
5We emphasize that, in these experiments, we did not
attempt to control the direction of the noise force, given
that noise can be easily applied only to the electrode po-
tential and not to the chemical concentration, nor did
we attempt to determine (or fine-tune) the phase sensi-
tivity function, given the complexity of the limit cycle.
Nevertheless, we still observe a greater degree of synchro-
nization enhancement for the case of uncorrelated noise
than for the case of common noise for intermediate noise
intensity. Thus, these experiments reveal that uncorre-
lated noise can outperform common noise in synchroniza-
tion enhancement even without careful design.
Discussion.—Our demonstration that uncorrelated
noise can enhance synchronization to a greater degree
than common noise reveals a new mechanism for how
coherent behavior can emerge naturally in spatially-
distributed noisy systems. The mechanism that gener-
ates this noise-enhanced synchronization can be inter-
preted as follows. On the one hand, when coupled oscil-
lators are close to phase locking, they often spend time
at relative angles that are far from zero, and their phases
do not add coherently. On the other hand, uncorre-
lated noise allows the oscillators to escape from these
large phase separations and spend more time with similar
phases, even when common noise cannot do so precisely
because it exerts the same effect on the phases of all os-
cillators. Our analysis indicates that this effect occurs
prominently when the impact of the noise on coupled os-
cillators is independent of their phases, which means that
the coherence is not inherited from a biased filtering of
the noise.
These findings are counterintuitive because the noise
terms acting on different oscillators exhibit permutation
symmetry for common noise but not for uncorrelated
noise; yet, for the systems considered here, the resulting
dynamical states are more symmetric in the uncorrelated
case. Such synchronization enhancement can thus be in-
terpreted as a manifestation of asymmetry-induced sym-
metry [33], a recently recognized phenomenon in which
some degree of asymmetry in a system actually increases
the symmetry in the observed state of that system.
In this study, we observed the preferential enhance-
ment of coherence by uncorrelated noise over common
noise in a variety of coupled oscillator systems, includ-
ing phase and phase-amplitude oscillators, both theo-
retically and experimentally. While we focused here on
pairs of oscillators for clarity, we can show that this ef-
fect also occurs more generally in larger networks with
a frequency gap [34], such as random networks of Janus
oscillators [35, 36] (see Sec. S4 of the Supplemental Ma-
terial [31]) and multilayer networks relevant to the dis-
tributed mammalian neural and circadian systems [37–
40] (see Sec. S5 of the Supplemental Material [31]). These
results overturn the widely held assumption that un-
correlated noise necessarily tampers coherence and sug-
gest that distributed networks that rely on synchroniza-
tion, such as the network of circadian clocks distributed
throughout the body, may benefit from the uncorrelated
noise that they experience. In contrast with coherence
induced by common noise, the enhancement due to un-
correlated noise requires nonvanishing coupling between
the oscillators, thus revealing a new relationship between
noise and network interactions.
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S1. EFFECTIVE NOISE IN PHASE-REDUCED MODEL
The model in Eq. (2) is derived here from the model in Eq. (1) by adapting the phase reduction
technique in Ref. [30]. To benefit from this technique, we assume that ξik and the coupling term are
all small and can be accounted for by their leading order contributions. Because these quantities
are small, we can also assume that the time evolution remains close to the limit cycle. The phase
θi is defined as a function of the state xi such that ∇xθi(xci ) · fi(xci ) = ωi, ensuring that the phase
increases linearly with the natural frequency on the limit cycle when the oscillators are uncoupled.
In the presence of coupling and noise, the evolution of the phase is then given by
dθi
dt
= ωi +∇xθi ·
[K
N
N∑
j=1
Aijh(xi,xj) +
n∑
k=1
gik(X)ξik
]
, (S1)
where we used that dθi/dt = ∇xθi · dxi/dt.
Taking the leading order approximation, the gradient ∇xθi is replaced with the value at the
corresponding point on the limit cycle, which we denote by Zi(θi). Noting that the difference
θi − ωit is a slow variable, its evolution can be determined by calculating time averages of the fast
variables, which are approximated by averages over a single cycle. This leads to
dθi
dt
= ωi +
K
N
N∑
j=1
AijΓi(θi − θj) +
n∑
k=1
gik(θi)ξik, (S2)
where the coupling function and phase sensitivity are
Γi(θi − θj) =
∫ 2pi
0
Zi(θi + φ) · h
[
xci (θi + φ),x
c
j(θj + φ)
]dφ
2pi
, (S3)
gik(θi) =
∫ 2pi
0
∫ 2pi
0
· · ·
∫ 2pi
0
Zi(θi) · gik
[
Xc(θ1, θ2, · · · , θN )
]∏
j 6=i
dθj
2pi
, (S4)
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2respectively, with Xc(θ1, θ2, · · · , θN ) = (xc1(θ1),xc2(θ2), · · · ,xcN (θN )). It is desirable to define an ef-
fective noise ηi with phase sensitivity gi(θi) such that the random variables gi(θi)ηi and
∑
k gik(θi)ξik
are drawn from the same distributions for all θi. In the general case, the temporal correlations in the
random variable ξik cannot be entirely factored from the phase dependencies in gik(θi). However,
if the ξik are independent for differing k and are stationary zero-mean Gaussian processes with the
same autocorrelation functions (so that 〈ξik(t)〉 = 0, 〈ξik(t1)ξjl(t2)〉 = 0 for all i, j, k, and l 6= k, and
〈ξik(t1)ξik(t2)〉 = Ci(t1 − t2) for all k), then the sum of Gaussian variables is again Gaussian and
the mean and autocorrelations completely specify the resulting distribution for each θi. This leads
to an effective phase sensitivity gi(θi) =
[∑
k gik(θi)
2
]1/2
and θi-independent Gaussian ηi(t) with
the same autocorrelation Ci. For the Kuramoto-type coupling function Γi(θi − θj) = sin(θj − θi),
the reduction dynamics correspond to Eq. (2).
In studies of synchronization induced by common noise, the most frequently employed phase
sensitivity has been trigonometric, as in gi(θi) = cos(θi). A different but important case considered
in the main text is the constant phase sensitivity function, gi(θi) = 1, corresponding to additive
noise in the phase reduction. This choice is natural in systems that do not have a preferred phase,
so that the dynamics are invariant under global phase rotations. In the case of n = 1 noise terms,
gi1(X
c) = Zi(θi)/‖Zi(θi)‖2 results in gi(θi) = 1, which, for example, follows after rescaling the
noise intensity for any rotationally-invariant noise in the Stuart-Landau equation or for gi1(X)
proportional to the noiseless part of the dynamics more generally. For common noise with ηi(t) =
η(t) for all i, this rotational symmetry permits a change in variables θi → θi +
∫ t
0 dt
′η(t′), which
eliminates the noise from Eq. (1). It follows that under common noise the order parameter must be
identical to that for the case without noise, and thus common noise cannot affect synchronization in
the case of constant phase sensitivity, whereas, as evidenced by Fig. 2, uncorrelated noise enhances
synchronization. Similar results are expected more generally for noise that results in approximately
constant gi(θi).
S2. DIRECT NUMERICAL INTEGRATION AND CALCULATION OF R2
Direct numerical integration of Eqs. (2) and (5) was carried out in the sense of Itoˆ using the
GNU Scientific Library. Since computations necessarily use finite time steps, it is not possible to
simulate true white noise, which varies on arbitrarily short time scales. Instead, noise is sampled
from a Gaussian distribution at a fixed sampling rate of 1/τ . The variance of the sampled noise
is normalized by 1/τ in order for the τ → 0 limit to correspond to Gaussian white noise. For the
non-Gaussian case of Eq. (5) with Gi3, we instead sample 1 + ξi3 from a Gamma distribution with
mean one and variance σ2/τ . In the latter case, noise is dominated by short bursts with large
amplitude, which resembles pulse-like noise relevant to the study of neurons [37]. Figure S1(a)
shows a sample of Gaussian white noise sampled with a rate τ = 10−4, which is sufficiently small to
approximate white noise well, while Fig. S1(b) shows the Gamma-distributed noise sampled with
τ = 10−2.
Figure S1(c) shows example trajectories of the system in Eq. (2) with common noise and uncor-
related noise in the case of constant phase sensitivity gi(θ) = 1. Since the attractors in the system
are ergodic, the empirical distribution of time the oscillators spend with relative phase separation
φ is given by the solution of the Fokker-Planck equation, as shown in Fig. S1(d). Accordingly,
the order parameter R2 is computed from time averages of cos2(φ/2) over the trajectories, which,
as shown by the dots in Fig. 2(c), agrees extremely well with the exact Fokker-Planck solution.
Note than the average value R, on the other hand, would be computed from time averages of the
non-analytic function |cos(φ/2)|. Consequently, while the expectation for the subcritical noiseless
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FIG. S1. Direct numerical simulations for Eqs. (2) and (5). (a) Gaussian white noise ηi used in simulation of
Eq. (2) vs. t, sampled with a rate τ = 10−4. Such noise was also used for ξi1 and ξi2 in simulations of Eq. (5).
(b) Gamma-distributed noise ξi3 used in simulations of Eq. (5) vs. t, sampled with a rate τ = 10
−2. (c)
Phase difference φ = θ2− θ1 vs. time for sample simulations corresponding to Fig. (2) of the main text, with
gi(θ) = 1 for common noise (blue) and uncorrelated noise (orange). (d) Empirical probability distribution
function (PDF) for time spent at each phase separation φ derived from the trajectories in (c), with reference
lines showing the exact solution ρ0 of the Fokker-Planck equation in Eq. (4).
case (σ = 0 and K ≤ Kc) with constant phase sensitivity is R2 ≡ 1/2 identically, the expectation
R varies with K. Thus, R2 is a more proper order parameter in the case of two phase oscillators
than R, since it more clearly delineates the noiseless phase-locking transition. Nevertheless, R and
R2 exhibit the same trends with varying σ, so synchronization is enhanced by uncorrelated noise
according to either metric.
In summary, the results from direct numerical simulations in Fig. S1(c)-(d) completely agree
with those from the Fokker-Planck equation presented in Fig. 2 of the main text. The oscillators
spend more time at small phase separations φ for uncorrelated noise than for common noise, leading
to enhanced synchronization.
S3. ELECTROCHEMICAL OSCILLATOR EXPERIMENTS
An electrochemical cell was built with a platinum coated titanium rod counter electrode,
Hg/Hg2SO4/(sat.) K2SO4 reference electrode, 25 working nickel electrodes embedded in epoxy
(each 1 mm in diameter), and 3 M H2SO4 held at 10
oC, as shown schematically in Fig. S2(a). A
multi-channel potentiostat was used to apply constant potential (V 0) to each electrode through
individual resistors (Rind) of 1 kΩ, and the oscillatory current was measured at a rate of 200 Hz.
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FIG. S2. Electrochemical oscillator experiments. (a) Schematic of the experimental setup, showing the
electrochemical cell with a counter electrode C, a reference electrode R, and two working electrodes W
connected through Rind = 1 kΩ resistors. The electrodes are coupled through a cross resistance Rc, which
gives rise to a coupling strength of K = 1/Rc, and noise is applied through an interface that superimposes
an additional potential to the electrode. (b)-(d) Measured currents I vs. time t for the first (blue lines) and
second (orange lines) oscillators, with no noise (b), uncorrelated noise (c), and common noise (d), where the
gray highlights periods for which the magnitude of the phase difference was less than pi/4.
Noise was injected into the system employing a feedback interface to modulate the potential on the
ith electrode, Vi(t) = V0 + ηi(t), where ηi is Gaussian white noise generated using Matlab. The
natural frequency of each electrode was determined without noise. Coupling was added through an
external resistance between two electrodes, which provided multiple pairs of electrodes exhibiting
phase slipping behavior near the onset of synchrony. A LabView program was created to switch
between uncorrelated noise, no noise, and common noise as data was collected.
Traces of the experimentally measure current I are shown in Fig. S2(b)-(d) for realization with
no noise, uncorrelated noise, and common noise. Oscillators have natural frequencies around 0.5 Hz
and, in the absence of noise, exhibit regular periods of near synchrony separated by phase slips. As
is the case for phase oscillators with constant phase sensitivity function, uncorrelated noise has the
effect of lengthening the periods of time the oscillators can spend with small phase separations, as
shown by the highlighted areas in Fig. S2(b)-(d). Experimental runs were repeated to yield multiple
datasets for analysis at weak noise (D = 0.025 V, 14 pairs), intermediate noise (D = 0.050 V, 22
pairs), and strong noise (D = 0.10 V, 10 pairs). Since the experiments have limited length of time,
the averaging over multiple experimental realizations shown in Fig. 4 is necessary to establish this
effect statistically.
S4. RANDOM NETWORKS OF JANUS OSCILLATORS
While we focused on the case of N = 2 phase oscillators in the main text, uncorrelated noise
can also enhance synchronization when common noise does not in classes of random networks of
oscillators. For concreteness, we illustrate this in a networks of coupled Janus oscillators, which
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FIG. S3. Effects of noise in Janus oscillator networks. (a) Random networks of Janus oscillators, with
arrows from oscillator j to oscillator i indicating coupling from θ2j to θ
1
i . (b) Network average of the order
parameter 〈R2c〉 over 100 random network realizations vs. number of Janus oscillators N for oscillators subject
to common noise, with ∆ω = 1 and K = β = 1/6 and error bars showing the standard deviation over the
random network realizations. (c) Network average of the order parameter for uncorrelated noise, R2u, relative
to that for common noise, R2c , vs. noise intensity σ for random networks of various sizes, with error bars as
in (b).
have been of recent interest for their potential to produce rich dynamics [35, 36]. Each Janus
oscillator is composed of two phase-oscillator components with opposite natural frequencies, and
pairs of Janus oscillators interact through a coupling term between phase-oscillator components
of opposite natural frequencies. Networks of Janus oscillators can also be regarded as multilayer
networks consisting of two layers of phase oscillators, each with a different natural frequency. We
consider the impact of common and uncorrelated noise acting on each phase-oscillator component,
which evolves according to
dθ1i
dt
=
∆ω
2
+ β sin(θ2i − θ1i ) +K
∑
j
Aij sin(θ
2
j − θ1i ) + η1i , (S5)
dθ2i
dt
= −∆ω
2
+ β sin(θ1i − θ2i ) +K
∑
j
Aji sin(θ
1
j − θ2i ) + η2i , (S6)
where ∆ω is the frequency gap, β and K are the internal and external coupling constants, respec-
tively, Aij are the components of the adjacency matrix, and η
k
i are Gaussian white noise terms with
intensity σ. While here we focus on Eqs. (S5)-(S6) for concreteness, we expect similar conclusions
to hold in wider classes of multilayer and multiplex networks, which have been of recent interest
in the study explosive phenomena [34]. In contrast to the globally-coupled Kuramoto model, there
are relationships between the frequency distribution and network structure in these models, which
can facilitate synchronization enhancement by uncorrelated noise.
Figure S3(a) shows a selection of random regular networks of Janus oscillators, in which each
oscillator has both in- and out-degree equal to 2. The noise is either common (with η1i = η
2
j for all
6i, j) or uncorrelated (with 〈η1i η2j 〉 = 〈η1i η1j 〉 = 〈η2i η2j 〉 = 0 for all i, j). Because the degrees of all nodes
are identical, all oscillators are close to phase locking with their neighbors for slightly subcritical K,
as it was the case for the systems of N = 2 oscillators considered in the main text. Since common
noise can be eliminated in a rotating reference frame, the average order parameter in the presence
of common noise R2c is equal to the noiseless case for each network realization. The average of
the order parameter over the network realizations, 〈R2c〉, decreases with increasing network size,
as shown in Fig. S3(b). The impact of uncorrelated noise should thus be measured relative to
that of common noise to compare networks of differing sizes, as shown in Fig. S3(c). Regardless
of network size, uncorrelated noise enhances synchronization for intermediate noise intensity by
allowing oscillators to spend less time at large phase separations. Thus, the constructive effect of
uncorrelated noise described in the main text generalize beyond two oscillators to classes of random
networks.
S5. LAYERED NETWORKS OF PHASE OSCILLATORS
Networks of oscillators in biological systems often have layered structure, and the impact of
uncorrelated noise on such networks is of broad interest. Here, we consider a two-layer version of
the system in Eq. (2) of the main text. The first layer consists of N − 2 globally-coupled phase
oscillators,
dθi
dt
= ωi +
K ′
N − 2
N−2∑
j=1
sin (θj − θi) , i = 1, · · · , N − 2, (S7)
where K ′ = K ′′ [1 + cos (θN − θN−1)] /2 is a coupling strength that varies with the phases of the
oscillators in the second layer and K ′′ is a tunable constant. Oscillator heterogeneity is included in
this model by sampling the natural frequencies from a Lorentz distribution centered at zero with
width γ = 1. The second layer consists of two coupled oscillators that are subject to Gaussian
white noise,
dθi
dt
= ωi +
K
2
N∑
j=N−1
sin (θj − θi) + gi(θi)ηi, i = N − 1, N, (S8)
where K is a constant.
The model in Eqs. (S7)-(S8) represents scenarios in which coupling between oscillators depends
on time-dependent resources, described here by the variable coupling strength K ′. For instance,
certain properties of neurons that impact their coupling strengths are modulated by the presence
of circadian-regulated hormones such as cortisol [38]. The circadian system relies on the synchro-
nization of multiple interacting clocks located both in the brain [39] and in tissues outside the
brain, including the liver and kidneys [40]. These clocks can experience common and uncorre-
lated noise owing to the differential impact of the various environmental signals they receive, which
include light, available nutrients, sleep schedule, and tissue-dependent conditions. In this exam-
ple, θN−1 and θN in Eq. (S8) would represent the phases of circadian clocks whereas θ1, . . . , θN−2
in Eq. (S7) correspond to the phases of neurons whose coupling strength is modulated by the
circadian-regulated hormones.
We analyze the response of the time-averaged order parameter R2 to common noise, uncorrelated
noise, and no noise, as shown in Fig. S4(a) for a constant function gi(θi) = 1. For all coupling
constants considered, the order parameter is larger in the case of uncorrelated noise than in the
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FIG. S4. Synchronization enhanced by uncorrelated noise in a two-layer network. (a) Time-averaged order
parameter R2 as a function of the coupling parameter K ′′ for N − 2 = 500 oscillators, averaged over 10
frequency realizations. For the driving layer, the two-oscillator coupling strength is K = 0.95, the natural
frequencies are ±0.5, and the noise intensity is σ = 1.0. (b)-(c) Example realization of the time evolution
of the oscillator phases relative to the mean phase for common noise (b) and uncorrelated noise (c) with
K ′′ = 5.0 and the other parameters as in (a). To facilitate visualization, oscillators with phases far from the
mean phase are colored white, as indicated in the color bar.
cases of common noise and no noise, where the latter two remain comparable. The enhancement in
synchronization can also be appreciated visually from the phase evolution of individual oscillators,
as shown in Fig. S4(b)-(c). Therefore, it is clear that uncorrelated noise can enhance synchronization
in large networks when common noise does not, and this effect may play a role in maintaining the
synchrony in biological systems.
